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1 Introduction
The inflationary paradigm [1] provides a simple framework to generate primordial nearly
scale-invariant perturbations with a slightly red tilt, as well as small non-gaussianties which
are in good agreement with observations [2–4]. Despite its successes, the inflationary scenario
has certain issues [5, 6] within its models and there is much discussion within the early
universe cosmology community around attempts to fix these issues within the paradigm [7, 8].
The other approach is to try to construct an alternative paradigm [9, 10] to see if this can
also explain the observations of the late-time Universe that we have today. The bouncing
cosmology paradigm is one such attempt [11, 12]. There also exist some mixed models where
either a phase of inflation occurs after a bounce [11], or where bouncing solutions exist in
inflationary models such as the R+R2 inflationary model studied in [13].
We will be interested in model realisations within this paradigm that are non-singular.
This means that these models do not suffer from the initial Big Bang singularity that is
ubiquitous in the case of cosmologies that have expanded for its entire history [14]. The trade-
off in the case of a bouncing model is that there has to be some new physics at the expansion
minimum (which coincides with the ‘bounce’) to allow the Universe to re-expand [15–17].
This new physics is in the form of a null energy condition violation in the case of spatially
flat models. The inclusion of positive curvature does satisfy one of the conditions on the
vanishing of the Hubble rate without the need of violating the null-energy condition [18, 19].
However a second condition on the successful fulfillment of the bounce is to have the first
derivative of the Hubble rate be negative and some new physics would be needed to have
the Universe re-expand from the minimum. In a previous work, we have parametrised this
‘new physics’ by hypothesising a non-linear equation of state [20]. This non-linear equation
of state was used in [21, 22] to model a dynamical dark energy scenario. This model has
the advantage that there exists a high energy cosmological constant which represents the

















behaviour. At this energy density, the null energy condition is not violated at the level
of phenomenology. This means that in the presence of positive spatial curvature it is still
possible to have a bounce with no violation of the null-energy condition, and only a violation
of the strong energy condition.
An additional problem that plagues contracting universe scenarios, such as one that
must be incorporated in a bouncing cosmology, is the problem of growing anisotropies and
inhomogeneities. The issue with growing anisotropies is not only that this is in direct contra-
diction to the very tight constraints on anisotropy [23] and the time of isotropisation in the
late Universe - but also that a successful bounce must necessarily have very low anisotropy
going into it from the contracting phase [24, 25]. For example, it has been shown [11] that
at the level of perturbations if the mechanism for example is a scalar field χ that is causing
the bounce to occur, then the perturbative anisotropy energy density σ2 must obey the ratio
χ̇2
σ2  1 for the bounce to occur successfully and lead to re-expansion. This can be understood
non-perturbatively as well - a contracting closed anisotropic Universe suffers an instability
known as a BKL instability by which the Universe undergoes infinite chaotic oscillations on a
finite time interval until it finally collapses to a singularity [26–30]. The anisotropies thus need
to be suppressed to avoid this instability from being manifested in a contracting Universe.
A way of dealing with the unbounded growth of anisotropies has been to incorporate
an ekpyrotic phase [11, 12, 15–17]. This is described by an ‘ultra-stiff’ equation of state
i.e. an equation of state that is given by P  ρ where P and ρ denote the pressure and
energy densities of the fluid. In the ekpyrotic scenario, this is incorporated with the aid of
a slow contraction mediated by a fast-rolling scalar field rolling down a negative exponential
potential. While this model has been proved to be very successful in dealing with the BKL in-
stability [24, 26, 27], it still has some issues. For example, it seems to be a fine-tuned scenario
when one incorporates the effects of anisotropic pressures even if these follow the condition
of ultra-stiffness on average [31]. It also has a problem of perturbations being blue-tilted
without the incorporation of an additional scalar field [11, 12]. There is also the probability
of super-luminal propagation of the kinetic energy modes of the scalar field that is an issue in
any scenario that has p > ρ. All of these reasons have prompted us to search for an alternative
mechanism for isotropising a contracting Universe. One way of doing this is to incorporate
anisotropic fluids to source the cosmology. In late time cosmology, this can be used to source
inhomogeneities which at galactic scales can give rise to an effective force which can mimic the
presence of dark matter [55]. In the case of early Universe bouncing cosmology, the presence
of a positive anisotropic stress, has been shown to be a source for growing shear anisotropies,
ultimately destabilizing the bouncing behaviour [31, 58]. Thus a negative anisotropic stress
should have the opposite effect and mitigate the shear anisotropies. It has been shown
in [32, 56, 57] and in, [20, 33] that the incorporation of a negative anisotropic stress in the
form of shear viscosity such that the anisotropic stress is proportional to the shear anisotropy
with a negative proportionality constant leads to the isotropisation of a flat anisotropic Kas-
ner Universe, and its closed Universe analogue, the Bianchi IX Universe, respectively.
In this work we shall study the global stability of the isotropic Friedmann-Lemaitre
point in the absence of the ultra-stiff fluid equation of state and in the presence of this shear
viscous stress. We shall show that a contracting Universe sourced by a non-linear equation
of state and with the incorporation of shear viscosity demonstrates an attractor behaviour
on approach to this isotropic Friedmann-Lemaitre point. In doing so, we are drawing on
previous work on no-hair theorems in contracting universes [34] to derive a new no-hair

















possible in the most general spatially homogeneous Universe. We do not model the bounce
in this work. In order to do this, we would need a specific geometry as it would depend on
whether the model in question was flat or had non-zero spatial curvature. Our aim remains
to derive a general result for the process of isotropisation in the presence of shear viscosity
in a contracting Universe.
In the next section, we shall provide a brief background on Bianchi cosmologies which
shall serve as the framework for the remainder of the paper. In the subsequent sections, we
shall use the expansion normalised variables of the orthonormal formalism as done in [34, 35]
to prove a general cosmic no-hair theorem for the isotropisation of the Bianchi cosmologies
in the presence of shear viscous anisotropic stresses for Bianchi Types I-VIII, Type IX and
separately Bianchi Class B.
For the entirety of this work we have used natural units where c = ~ = G = 1.
2 A background on Bianchi cosmologies
We are, in this work, interested in studying the stability of the isotropic Friedmann Lemaitre
point. Thus we employ the class of the most general spatially homogeneous, anisotropic
cosmologies which are given by the Bianchi cosmologies. The summary in this section will
largely follow the formalism as laid out in [35]. These admit a local group G3 group of
isometries that act simply transitively on a spacelike hypersurface. Then the line element
can be written in the form ds2 = −dt2 + habωaωb where ωa are the 1-forms. These 1-forms
follow the Maurer-Cartan equations where dωc = 12C
c
abω
a ∧ ωb where Ccab are the structure
constants of the Lie algebra. They are anti-symmetric so Cc(ab) = 0. This means that the
independent components of the structure constants can be expressed as a symmetric 3 × 3
matrix nab and the components of a 3 × 1 vector Ab = Caab. So the structure constants can
be written as,
Ccab = ncdεdab + δc[aAb] (2.1)
where εabc is the antisymmetric tensor. Using the Jacobi identity,
Ced[aC
d
bc] = 0 (2.2)
we find that,
nabA
a = 0 (2.3)
We use the freedom of choice of orthonormal frame to rotate the frame vectors and diagonalise
the tensor nab as
nab = diag {n1, n2, n3} (2.4)
If Aa 6= 0 then we see that the above is an eigenvalue equation with the eigenvector Aa always
being able to be expressed as Aa = (A, 0, 0). Therefore the eigenvalue equation simplifies to,
n1A = 0 (2.5)
For Bianchi Class A, A = 0 and for Bianchi Class B A 6= 0. We also assume that the
direction of fluid flow is orthonormal to the group orbits. Hence we use the orthonormal
frame approach and therefore we can write out the Einstein Field Equations in all generality
for the Bianchi Classes A and B. The fluid velocity which is the unit timelike vector is given
by ua. This defines a projection tensor for the metric on the surface gab given by,

















which at each point projects onto the 3-space orthogonal to the vector ua [35]. The generalised
expansion scalar is given by Θ
Θ = ua;a (2.7)
Θ = 3H where H is the Hubble rate. The evolution equation for the fluid velocity is given
by,
u̇a = ua;bub (2.8)
In this notation, the shear tensor is given by,
σab = u(a;b) −
1
3Θhab − u̇aub (2.9)
The evolution equation for the shear is given by,
σ̇ab = −3Hσab + 2εmn(a σb)mΩn −
3Sab + πab (2.10)
The shear σαβ can be diagonalised in the frame in which nαβ is diagonal and by the require-
ment of tracelessness has only 2 independent components. We shall work with some linear
combinations of these components as,
σ+ =
1





(σ22 − σ33) (2.11)
The other unknown quantity in (2.10) is the local angular velocity of the spatial frame
specified by a set of 1-forms {eα} with respect to a Fermi-propagated spatial frame. We shall




As mentioned before, we can choose a frame where nαβ are diagonalised and the Aa
can be expressed as (A, 0, 0) via the Jacobi equation. We can show that the shear tensor can
also be diagonalised in this frame as long as παβ = 0 or παβ ∝ σαβ. Details of this proof
can be found in the appendix. Thus the Einstein field equations in the orthonormal system
formalism become,
σ̇± = −3Hσ± −(3) S± (2.13)
ṅ1 = (−H − 4σ+)n1 (2.14)
ṅ2 =
(












along with the continuity equation,
ρ̇ = −3H (ρ+ p)− (π+σ+ + π−σ−) (2.17)
where π± is given by,
π± = −κHσ± (2.18)
In subsequent sections, we shall express these equations as a phase plane system through the
process of expansion normalisation. In the case of Bianchi Types I-VIII we can normalise
the gravitational field variables with respect to the Hubble expansion rate and in the case of
Type IX which has a positive spatial curvature, this normalisation occurs with respect to a
modified expansion variable.
Before we begin our analysis of the stability of the isotropic Friedmann-Lemaitre point,

















3 Shear and Bulk viscosity
In standard cosmological analysis, dissipative effects are ignored. However their inclusion
can give rise to many important effects - such as singularity resolution or novel isotropisation
mechanisms.
Dissipative effects can be modelled by including shear and bulk viscosity of the com-
ponent fluids in the cosmology. This has been studied in several works [36]. The effect of
bulk viscosity has been to increase the expansion rate i.e. modify the volume expansion. The
manifestation of this is that the pressure of the component fluid gets modified as p̃ = p−3ξH
where H is the Hubble expansion and ξ is the coefficient of bulk viscosity. For bulk viscosity
arising from radiation fluids, this effect vanishes when the equation of state of the radiation
fluid is p = (1/3)ρ i.e. the relativistic limit. However, viscosity effects can become important
arbitrarily early in the history of the Universe if these effects were generated by particle
collisions from gravitons, or processes like the evaporation of mini black holes. Bulk viscosity
has also been studied as a mechanism of singularity resolution in cosmologies - for example
for certain initial conditions, flat FLRW models with non-linear viscous terms are shown
to be able to admit non-singular solutions. The non-linear equation of state that has been
studied in [20–22] can be modelled as a bulk viscosity that is a function of the expansion
rate H - in the cases where the curvature is zero. Thus it is not surprising that non-singular
solutions are found in the context of these non-linear fluids [21]. Shear viscosity, on the other
hand, usually manifests as an anisotropic pressure term and modifies the tensor modes, or
the anisotropies of the cosmology. This has been studied with respect to neutrinos in [33] and
also in the case of the early Universe for warm inflationary models [37]. It has been used to
resolve the anisotropy problem in bouncing cosmologies in the contracting phase in [20]. For
the case of small anisotropy, the form of shear viscosity is derived in [38]. The anisotropic
pressure term derived from shear viscosity there is given by −κ̃σab where κ̃ is the coefficient of
viscosity. In [29], the coefficient of viscosity is dependent on density. When κ̃ ∼ ρn, for values
of n < 1/2, the Friedmann singularity for a contracting Universe is unstable and acausal.
For n > 1/2, the Friedmann singularity forms but is unstable. The only stable isotropisation
on contraction occurs at n = 1/2. Hence to achieve effective isotropisation, we choose the
shear viscosity to take the form −κρ1/2σab. For Universes that are flat and isotropic, this is
the same as −κHσab. This is not the case in all of the general Bianchi types that we will be
discussing in this work. However this choice makes the process of expansion normalisation
and hence the phase plane analysis tractable. This form of the shear viscous term also makes
the modified coefficient of viscosity κ dimensionless. This simplification would not make a
difference to the isotropising effect of shear viscosity. We can demonstrate this by considering
the most anisotropic spatially homoegeneous geometry in a situation of anisotropy domina-
tion - the anisotropy dominated Kasner Universe. In this scenario, H ∼ σ2 ∼ σabσab. The
evolution equation for the shear in the presence of viscous stress as modelled by −κHσab is
given by,
σ̇ab + 3Hσab = −κHσab (3.1)
Using the limit of anisotropy domination, we find the solution to the anisotropy energy
density ρσ which is proportional to σ2 ∼ σabσab given by,
ρσ ∼ (6t+ 2kt− c1)−2 (3.2)
If the singularity which would turn into the bounce in the presence of positive curvature or

















successful in isotropising a Universe with maximum possible anisotropy i.e. the anisotropy-
domanted Kasner Universe.
An important consideration is the validity of the viscosity approximation. Generally the
hydrodynamic description is valid when the mean free path - or the distance that the particles
in question can travel without experiencing collisions - is smaller than the characteristic length
scale of the system.
`mfp  L (3.3)
where `mfp and L are the mean free path and the characteristic length scale of the system.
In the case of cosmology, the latter is given by the Hubble radius H−1.
Another consideration to be made is whether the model of viscosity that we are using
allows for superluminal propagation of shear excitations. In this work we have used a closed
form for the viscosity term in the form of an anisotropic pressure (3.1). This is possible only
when we set the relaxation time, which is the time needed for fluid in question to equilibriate,






where η, ρ and τ are the coefficient of viscosity, mass density and relaxation time respectively.
We can see that this velocity tends to infinity if we set τ → 0, thus allowing for the superlu-
minal propagation of shear excitations. In search of a causal theory of viscosity, Eckart [40]
and Landau Lifshitz [41] formulations of viscosity only work when the relaxation times are
much smaller than the characteristic time scale of macroscopic motions. In this work we are
interested in the behaviour of the cosmology in a contracting Universe on approach to the
endpoint of contraction. In this regime, the macroscopic motion essentially stops making
this formulation not applicable. A relativistic causal treatment of the theory of viscosity was
realised in the Israel Stewart theory [42, 43], and was applied to a cosmology assumed to be
close to equilibrium close to the endpoint of contraction in [44]. The stability of an isotropic
singularity i.e. the endpoint of contraction is in contradiction to having relativistic causal-
ity [44] - only for cases where for a viscosity coefficient η ∝ ρn, for n > 1/2. In our work, we
have considered the case of η ∝ ρ1/2 where the isotropicity of the singularity after contrac-
tion (in the absence of a bouncing mechanism) is not in tension with the causal propagation
of viscous excitations [45]. For the case of n < 1/2 the anisotropies grow without bound
and we end up in a BKL like singularity regardless of the question of causal propagation of
excitations [29, 45].
We now investigate the bounds the requirements of (a) the validity of the hydrodynamic
approximation and (b) the requirement for the causal propagation of shear excitations place
on the viscosity coefficient. Following [29], see also [46], the entropy density, considering only
shear viscous terms can be expanded as follows,




2) = s0 +
4ησ2
T
τ +O(τ2) , (3.5)
where s0 represents the entropy density at equilibrium and T is the fluid equilibrium tem-
perature. In order for a fluid description of the system to still be valid, we have to assume





















From kinetic theory considerations, see for example [47–49], we have the coefficient of viscosity
in terms of the mean free path as,




where α is a proportionality constant of O(1) whose precise value depends on the exact
microphysics at play, the statistical distribution, etc. Here σcs is the cross section of the
interaction - i.e. the probability that a collision takes place. The smaller the cross-section is,
the longer the mean free path is, and the particle is able to propagate unimpeded. From the
above expression it might seem that as σcs → 0, then the viscosity tends to infinity - which is
contrary to our expectation that the particles would be able to free stream. This is a direct
consequence of the breakdown of the viscosity description (3.3). Noting that the relation
between the mean free path and the relaxation time (the average time between collisions)
is: `mfp ∼ csτ where the average velocity is cs, and using (3.4) and (3.7), we can restate the
bound (3.6) as a lower bound on the mean free path. We obtain a lower bound on the mean
free path if we demand that the propagation of viscous excitations (3.4) remains slower than
the speed of light. Collating both these considerations, and the discussion about the regime
of validity of the viscosity approximation (3.3), we can write the regime of validity of this
viscosity description to be,
η
ρ









Any specific microphysics which seeks to model a shear viscous anisotropic stress in the early
Universe must have the resulting coefficient of viscosity obey this bound.
4 Cosmic no-hair theorems
In this section we follow the procedure laid out in [34] to prove a global stability theorem for
the most general, spatially homogeneous cosmologies. We consider a fluid with an equation
of state given by,
p = (γ(ρ)− 1) ρ (4.1)
Our results hold for a general γ(ρ) - for the ideal equation of state, γ is a constant. In [34]
they had explored the possibility of using an ultra-stiff equation of state i.e. γ > 2 to prove a
general cosmic no-hair theorem about the isotropic FL point being an attractor for initially
contracting Universes of Bianchi Classes A and B. We use the same methods to prove a similar
theorem - but this time in the absence of an ultra-stiff equation of state. Our ingredient is
a shear viscous term - further cementing the idea that such a viscous effect can be used to
isotropise Universes without necessarily having to take recourse to an ‘ekpyrosis’-like ultra-
stiff fluid [20]. We have simply required that the Strong Energy Condition be obeyed, i.e.






The time derivatives are taken with respect to this variable τ and is denoted by ′. The Big
Crunch singularity would take place at τ → −∞. For a bounce model, this singularity would

















the expansion minimum. For the case of a non-linear model [21, 22], the presence of positive
curvature and the non-linear equation of state fluid satisfies the conditions H = 0 and the
derivative of the Hubble rate with respect to cosmic time, Ḣ > 0 required for the bounce
to occur. For the purposes of this work, we have not modelled the bounce but are instead
interested in isotropisation in the contracting phase.
As we are interested in the dynamics of the contracting phase alone, we can write out
the Einstein’s equations in expansion normalised form.
Σ̇′± = −(2− q)Σ± − S± (4.3)
Ṅ ′1 = (q − 4Σ+)N1 (4.4)
Ṅ ′2 =
(














q = 2Σ2 + 12 (3γ − 2) Ω (4.8)
and the expansion normalised variables are given by,





















The Friedmann constraint is given by,
Σ2 + Ω +K = 1 (4.10)
Here K and Σ2 are respectively given by,
K = 112
(
N21 +N22 +N33 − 2N1N2 − 2N2N3 − 2N3N1
)
(4.11)
Σ2 = Σ2+ + Σ2− (4.12)
which for Types I-VIII, is a positive definite quantity.
Let us look at the expansion normalised evolution equation for the density Ω,
Ω′ =
[
−(3γ − 2)K + 3(2− γ)Σ2
]
Ω (4.13)
In the case of an ultra-stiff fluid γ > 2, we can see that under the condition that K > 0
, Ω′ ≤ 0 for any initially contracting Bianchi I − V III Universe, where equality occurs iff
K = Σ2 = 0 for any non-vacuum orbit Ω 6= 0. As Ω is a monotonic decreasing function of




K = 0, lim
τ→−∞
Σ = 0, lim
τ→−∞
Ω = 1 (4.14)
Thus this means that for an initially contracting Bianchi I − V III Universe, isotropisation
must have occurred as the bounce point is approached. If we now have a situation where the
anisotropic stress is non zero and is of the form,

















we get the evolution equation for Ω as,
Ω′ = −(3γ − 2)KΩ + Σ2 [3(2− γ)Ω− κ] (4.16)
For our quadratic EOS, we have [20]
γ = P
ρ
+ 1 = (α+ 1)− β ρ
ρC
(4.17)
We use the expansion normalised Friedmann constraint (4.10) to write the evolution equation
for Ω (4.16) as follows,
Ω′ = −(3γ − 2)KΩ +
[
{3(2− γ)− κ}Ω− κΣ2 − κK
]
Σ2 (4.18)
If the strong energy condition i.e. ρ + 3p ≥ 0 is obeyed, then (3γ − 2) in the first term
of (4.18) is positive definite. If κ > 0, then using the fact that Σ2 > 0 and K > 0, we have
the condition on Ω′ ≤ 0 as
κ > 3 (2− γ) (4.19)
The case in which κ = 0, for Ω′ ≤ 0, we need the equation of state to be ultra-still effectively
i.e. γ(ρ) > 2. If Ω′ ≤ 0 for initially contracting Bianchi Types I-V III with equality when
K = Σ2 = 0, this means that Ω is a monotonically decreasing function of τ and as Ω
is bounded by the Friedmann constraint (4.10). we can conclude that limτ→−∞Ω′ = 0.
This implies that limτ→−∞K = limτ→−∞Σ2 = 0 and by (4.10), limτ→−∞Ω = 1. Using
Σ2 = Σ2+ + Σ2−, we can conclude that limτ→−∞Σ+ = limτ→−∞Σ− = 0. This also implies
that limτ→−∞ q = (3γ − 2)/2 > 0 for fluids obeying the strong energy condition. The
evolution equations for the expansion normalised curvature variables are as follows,
N ′1 = (q − 4Σ+)N1 (4.20)
N ′2 =
(













Using the value of q at τ → −∞ we see that there exists a parameter ε > 0 such that
N ′i/Ni > ε for a sufficiently negative τ so that limτ→−∞Ni = 0. So following the same
reasoning as in [34], we can conclude that for the values of κ obeying (4.19), the isotropic
solution is a global attractor for a contracting Universe.
5 Bianchi IX cosmic no hair theorem
The analysis for Bianchi IX has to be done slightly differently to the Bianchi Types I-VIII
above. This is because the curvature variables n1, n2, n3 are all positive in this Bianchi
type and hence the spatial curvature is also positive. The Bianchi Type IX is an anisotropic
generalisation of the closed Friedmann Universe. This also means that the expansion is no
longer monotonic and the Hubble rate H can be zero. Thus expansion normalisation of the






















The normalisation then becomes,(




































The evolution equations then become
D? = −(1 + q̄)H̄D (5.5)




















Here the quantity q̄ is defined by




The normalised Friedmann constraint is given by,
Σ̄2 + Ω̄ + V̄ = 1 (5.11)
where








which implies that V̄ ≥ 0. The corresponding evolution equation for the expansion normalised
density parameter is given by,
Ω̄? =
[
−(3γ − 2)V̄ + 3(2− γ)Σ̄2
]
− κH̄Σ̄2 (5.12)
Now using the Friedmann constraint q̄ can also be written as,
q̄ = 2Σ̄2 + 12(3γ − 2)Ω̄ (5.13)
and q̄ ≥ 0 being equal to 0 when Σ̄2 = Ω̄ = 0. Using (5.3), we find that H̄ is bounded as
−1 < H̄ < 1. The evolution equation for H̄ is given as,

















Using the fact that q̄ ≥ 0, and |H̄| < 1, we can assume that H̄? < 0. This implies that
limτ̄→−∞ H̄ = 1 and limτ̄→+∞ H̄ = −1. This implies that an initially expanding model will
undergo a recollapse when H̄ will become zero. After the recollapse point i.e. τ̄ → ∞, the
condition
κ > 3 (2− γ) (5.15)
along with the positivity of Σ̄2 and V̄ as well as requiring that the Strong Energy Condition
(ρ+3p) > 0 ensure that Ω̄? ≥ 0. Thus limτ̄→+∞ Ω̄ = 1 which also implies that limτ̄→+∞ Σ̄2 =
0 and limτ̄→+∞ V̄ = 0.
From (5.13) then implies that limτ̄→+∞ q̄ = (3γ − 2)/2. From the evolution equations
for the N̄i for i = 1, 2, 3, there exists a parameter ε > 0 so that, dlnN̄a/dτ̄ < −ε and
so limτ̄→+∞ N̄a = 0. Thus we can arrive at a similar conclusion to types I-VIII, that the
inclusion of a shear viscous term with the coefficient of viscosity obeying the condition (4.19)
will act as an isotropisation mechanism to prevent the growth of anisotropies on approach to
the expansion minima or ‘bounce’.
6 Bianchi Class B
For Class B models the parameter A defined in (2.5) is non-zero. Following [50], we define
the shear variables σ̃ ≡ 12 σ̃abσ̃
ab where σ̃ab is the traceless part of the shear tensor σab. The
trace for Class A is zero but for Class B is given by σ+ ≡ 12σ
a
a. Similarly we can define
ñ ≡ 16 ñabñ
ab where ñab is the traceless part of nab and the trace is given by n+ = 12n
a
a. The
quantities n+ and ñ are related through the non-zero A and the group parameter h = h̃−1






We proceed with the expansion normalisation as in the case of Types I-VIII in Class A,
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Following [34, 50], we use the fact that the evolution equation for the expansion normalised
variable Ω for Bianchi Class B remains the same as (4.18) and the definition of q in (4.8) also
doesn’t change. However now the variables K and Σ2 defined previously in (4.11) and (4.12)
are still positive definite, and are given by,
K = Ñ + Ã (6.4)
Σ2 = Σ̃ + Σ2+ (6.5)
In correspondence with the condition drawn on Ω′ ≤ 0 in Types I-VIII, we have limτ→−∞K =
limτ→−∞Σ2 = 0 and by (4.10), limτ→−∞Ω = 1. This further implies that limτ→−∞Σ = 0
and limτ→−∞K = 0, that limτ→−∞ Σ̃ = 0 and limτ→−∞Σ+ = 0. And that limτ→−∞ Ñ = 0
and limτ→−∞ Ã = 0. Thus the spatial curvature variables given by,





















vanish at the bounce. The conclusions drawn about the stability of the isotropic FL point
in an initially contracting Universe with an equation of state p = (γ(ρ)− 1) ρ such that
ρ+ 3p > 0 drawn in Bianchi Types I-VIII remain unchanged.
7 Conclusion
The problem of isotropisation in contracting Universes has been a key challenge in the for-
mulation of bouncing alternatives to inflation. In [20], we have shown that the inclusion of
shear viscous stresses leads to isotropisation of a Bianchi Type IX Universe. In this work we
have used the orthonormal frame formalism used by [30, 35] and subsequent expansion nor-
malisation to write the Einstein Field Equations as a phase plane system. This has allowed
us to derive global stability theorems for the Bianchi Class I-VIII and separately Type IX
as well as the Bianchi Class B, which show that the isotropic, spatially homoegenous solu-
tion becomes the attractor in an initially contracting Universe on approach to the expansion
minima.
Our results hold for an equation of state following a form given by p = (γ(ρ)− 1) ρ
and hence the case of non-linear equation of state is encapsulated in our proof. In the case
of positive spatial curvature, with a Universe sourced with the non-linear equation of state
fluid [20–22], the expansion minima results in a ‘bounce’ and a subsequent re-expansion. In
this work we have demonstrated only the isotropisation in the contracting phase of the most
general spatially homogeneous cosmology and have not modelled the physics of a bounce.
The inclusion of shear viscosity in the contracting phase thus appears to be an effective
isotropisation mechanism for all types of spatially homogeneous cosmologies - without having
to use an ekpyrotic fluid p  ρ as is done in [34] . As the form of shear viscosity used here
and in [20] is dependent on the Hubble parameter H through παβ = −κHσαβ, this viscous
effect will vanish at the bounce point H = 0. This should have an effect on the damping
of perturbative anisotropies in the contracting phase but should not produce significant
gravitational waves at the bounce.
The effect of fully non-linear inhomogeneities is yet to be studied in these models. There
have been some numerical studies of its evolution in the contracting phase with an ekpyrotic
phase [51, 52]. At the linear level, the scalar perturbations are dependent on the shear tensor
through the electric part of the Weyl Tensor and hence should remain small in the case of
effective isotropisation. Furthermore, if we follow the assumptions made in [28, 29], then on
approach to a singularity, each point of an inhomogeneous Universe behaves as a Bianchi
cosmology and hence these results should hold. However full numerical GR should be used
to test whether this is actually the case.
A Vanishing of the Fermi rotation
The Fermi rotation, which is defined as the local angular velocity of the spatial frame specified




We have seen that it is a term in the shear evolution equations (2.10). This term
vanishes for vanishining anisotropic stress or for anisotropic stress that takes the form of


















This term shows up in the evolution equation for the shear tensor σαβ, Now as α = β as
the l.h.s. of the equation is σ̇αβ and we have diagonalised σαβ. The r.h.s. has terms where
at least 2 indices are equal of the Levi Civita symbol εµνα when you expand out the sum. So
both the terms of the form εµν(ασβ)ν and ε
µν
(αnβ)ν are zero if σαβ and nαβ are diagonalised. So
we have the freedom to set Ων = 0.
So now let’s check if we can diagonalise σαβ given that nαβ is diagonal and Aα = 0 for
the case of Class A models. Also we are assuming no momentum transfer in our model so
qα = 0. Now qα is given by,
qα = 3σµαaµ − εµνα σβµnβν (A.3)
So εµνα σβµnβν = 0 and now β = ν for all nβν 6= 0. By expanding out the sum index by index,
we can see that for this term to be zero, all the terms where σαβ with α 6= β have to be zero.
Let us look at the case of α = β = 1 as an example.
εµ1α σ
1
µn11 = ε01α σ10n11 + ε11α σ11n11 + ε21α σ12n11 + ε31α σ13n11 (A.4)
The term that has 2 indices equal in the Levi Civita term is zero. All the other terms have
to be zero to satisfy the no momentum transfer (qα = 0) and the aα = 0 conditions. From
the above, if the cross terms of σαβ cannot vanish, then they can be expressed in terms of
one another. A solution to this system of equations is for them to be individually zero. So
we can diagnolise σαβ if nαβ is diagonal. The other aspect of this is to ensure that if we
start out with a diagonal σαβ, there are no off diagonal terms in σ̇αβ that mean that after
an initial time some cross terms of σαβ become non zero. This is most easily achieved in the
case of no anisotropic stress. In the case of general anisotropic stress, it is no longer true that
choosing a frame where nαβ is diagonal implies that σαβ is also diagonal. But in our case,
with shear viscosity, παβ is proportional to σαβ and so we can still diagonalise it. Hence in
our case, we have the freedom to set the Fermi rotation Ωα = 0.
B Limits on the shear viscous entropy
The shear viscosity can be used to model anisotropy dissipative processes up to a certain limit.
There is an upper limit on the amount of entropy production from shear viscous stresses. This
limit can be calculated for example at the era of grand unification if collisionless processes
are ignored. We present the calculation that has been worked out in detail in [53]. We define







where the energy density in the anisotropies is given by,
ρβ ∼ σabσab (B.2)
The maximum anisotropic state of a cosmology is given by the Kasner geometry where the
expansion rate is given by,
H = 13t (B.3)
Using the Friedmann equation at anisotropy domination,




























where Ti is the temperature at which dissipation occurs when the Universe cools. The entropy






In order to find the maximum upper bound we replace A by Amax, and find this to be 12564 . If
the anisotropy were to exceed Amax, then the anisotropy damping would be collisionless and
we would not be able to use the viscosity description anymore. The viscosity description is
only applicable when tcoll < texp, where tcoll and texp are the collision times of the particle
interactions and the expansion time of the Universe respectively. The assumption in the above
result is that the interaction cross section is given by that of the Grand Unified Interaction
σ ∼ α2ST−2.
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